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Abstract 



In this paper, we consider a global wellposed problem for the 3-D incompressible anisotropic 
Navier-Stokes equations (ANS). In order to do so, we first introduce the scaling invariant 

1 — 1+— - — 1+— - 

Besov-Sobolev type spaces, B p p ' 2 and B p P ' 2 (T), p > 2. Then, we prove the global 

wellposedness for (ANS) provided the initial data are sufficient small compared to the hori- 



— 1+-,- 

zontal viscosity in some suitable sense, which is stronger than B p p ' 2 norm. In particular, 
our results imply the global wellposedness of (ANS) with high oscillatory initial data. 

1 Introduction 

1.1 Introduction to the anisotropic Navier-Stokes equations 



£S) . In this paper, we are going to study the 3-D incompressible anisotropic Navier-Stokes equations 

(ANS), namely, 

^ 1 ( ut + u-Vu- u h A h u - v?,dl 3 u = -VP, 

\Q ! { divn = 0, (1.1) 

(N 

where u(t, x) and P(t, x) denote the fluid velocity and the pressure, respectively, the viscosity 

C > . coefficients and vj, are two constants satisfying 

O 



u\ t =o = u , 



$_j ■ X — ^ti,j,- 6 ) c in. anu. u h — u Xl t u X2 

(isotropic) Navier-Stokes system (NS). It is appeared in geophysical fluids (see for instance [lj). 
In fact, instead of putting the classical viscosity — uA in (NS), meteorologists often simulate the 
turbulent diffusion by putting a viscosity of the form — v^A^ — v^d^, where and vj, are empiric 
constants, and v% usually is much smaller than v^. We refer to the book of J. Pedlosky |14j . 
Chapter 4 for a more complete discussion. In particular, in the studying of Ekman boundary 
layers for rotating fluids [H O [8] , it makes sense to consider anisotropic viscosities of the type 
— VhAh — £(3d X3 , where e is a very small parameter. The system (ANS) has been studied first by 
J.Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier in [5] and D. Iftimie in [9], where the 



Vh > 0, v 3 > 0, 

(xh,x 3 ) S M 3 and = d x + d% . When Uh = V3 = v, such system is the classical 
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authors proved that such system is locally wellposed for initial data in the anisotropic Sobolev 
space 

H°^ +e = \uG L 2 (R 3 ); ||w|| 2 = / |£ 3 | 1+ae |fi(&, &)\ 2 dt < +00) , 

for some e > 0. Moreover, it has also been proved that if the initial data uq is small enough in 
the sense of that 

IKII^IIitoll 1 "^!^ < cu h (1.2) 

for some sufficiently small constant c, then the system (jl.ip is global wellposed. 

Similar to the classical Navier-Stokes equations, the system (ANS) has a scaling invariance. 
Indeed, if u is a solution of (ANS) on a time interval [0, T] with initial data uq, then the vector 
field u\ defined by 

u\(t,x) = Xu(X 2 t, Xx) 

is also a solution of (ANS) on the time interval [0, A~ 2 T] with the initial data Xuq(Xx). The 
smallness condition (jl.2p is of course scaling invariant, but the norm || • || ■ i +e is not. M. Paicu 
proved in [12] a similar result for the system (ANS) with 1/3 = in the case of the initial 

data uq E B°'2. This space has a scaling invariant norm. Then J.Y. Chemin and P. Zhang 

_i 1 

[3] obtained a similar result in the scaling invariant space -B 4 2 ' 2 . Considering the periodic 
anisotropic Naiver-Stokes equations, Paicu obtained the global wellposedness in [13J. 

On the other hand, the classical (isotropic) Navier-Stokes system (NS) is globally wellposed 
for small initial data in Besov norms of negative index. In pQ, M. Cannone, Y. Meyer and F. 
Planchon proved that: if the initial data satisfy 

1 1 Xfco 1 1 < cv, 

B p 

for p > 3 and some constant c small enough, then the classical Navier-Stokes system (NS) is 
globally wellposed. Then, H. Koch and D. Tataru generalized this theorem to the BMO^ 1 norm 
(see |11|). D. Iftimie in [10] obtained the global wellposedness in anisotropic spaces H Sl ' S2 ' S3 and 
B 0, 2 . Recently, J.Y. Chemin and I. Gallagher [2] proved that if a certain nonlinear function of 
the initial data is small enough, then there is a global solution to the Navier-Stokes equations 
(NS). 

Let ^0(^3) be a function in the Schwartz space <S(R) satisfying suppc^o C C v , 4>i(xh) be a 
function in the Schwartz space 5(M 2 ) satisfying supp^i C C^, where (resp. C v ) is a ring of 
R? (resp. R,;). The mentioned results imply that the system (NS) is globally wellposed for the 
initial data Uq defined by 

1 X\ 

u%(x) = e"2 sin(— )(0, -«9x 3 (0o0i), d X2 (<j) <pi)) (1.3) 

with small enough e. The goal of our work is to prove a result of this type for the anisotropic 
Navier-Stokes system (jl.ip . 

1.2 Statement of the results. 

As in [3], let us begin with the definition of the spaces, which we will be going to work with. It 
requires an anisotropic version of dyadic decomposition of the Fourier space, let us first recall 
the following operators of localization in Fourier space, for (k, I) E Z, 2 , 

A h k a = ^-V(2-%|)a), Afa = ^-\^(2-%\)a), 
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S h k a = £ A h k ,a, Sfa = £ A?, a, 



k'<k-l l'<l-l 

i unn in ic q fnn/'+inTi in /Jl I 

^4' 3/ 



where J- a or a denotes the Fourier transform of the function a, and ip is a function in £>((§, §)) 
satisfying 

J^(2~ J V) = 1, V r > 0. 

Our main motivation to introduce the following spaces is to find a scaling invariant Besov- 

Sobolve type space such that Uq can be small. According to the definitions of B 0, z (in |10|, I12j) 

-1,1 

and -B 4 2 ' 2 (in [3]), we give the definition of B p p ' 2 , p S [2,oo), as follows. 



Definition 1.1. We denote by B p p ' 2 , p S [2, oo), the space of distributions, which is the 
completion of 5(M 3 ) by the following norm: 



a -,,2 i 



E 2 M E 2^ + ^ fe ||A^Afaf iPft(i?) 2*11^-^11^ 



Let B°>3 := and ||a|| i ~ £,- eZ 2*||A>|| L 2 



2 1 
P'2 



To study the evolution of (jl-l|) with initial data in B p p , we need also to introduce the 
following space. 

-1+2,1 

Definition 1.2. We denote by -B p p ' 2 (T) the space of distributions, which is the completion 
of C°°([0,T];S(M 3 )) by the following norm: 



a ,,2 i 



Erf 

2ez 



E ( 2(-2+|)& ll A tAFa|| 2 i? > ( ^( L 2)) +^2l*||AjiAya||i ? , (x£( ^ ) 



,fe=/-i 

i 



>(L 2 (R 3 )) 



+ z/ h HV/i-S'jLiA^all^ (i2()R3)) + ^3 ll^j-lAJollia (L2(R3))J • 

Let B°'*(T) := bJ*(!T) and 

ll«ll B o,i (T) - E 2 ' (ll A i a lli?f(i 2 (K»)) +^ll V fc A j«llL2,(L2(R3 )) +^|||^AJa|| r 2 (L2(R3)) J . 

In our global result, we need that the initial data uq and a certain nonlinear function of the 
initial data up ■ Vuf are small enough in some suitable sense, where 

UF := e^ tAM9 lu 0hh and u ohh = ^ A^Afn . (1.4) 

k>l-l 
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Definition 1.3. We define [-] e p by: 



[o\ep ■= \\a\\ B _ 1+i t+\\a F -Va F \\ LHBOthy 



where 

^2l||AJ/|| L2(R3) ^, 



L\,(B ^) 







,f h tA h +v 3 t&- 



.2 



«r ■- < "hi,, a hh := ^ A^Afa. 

k>l-l 



Now, we present the main results of this paper, which cover the results in [31 d2] and partial 
result in 10 1. 



Theorem 1.1. A constant c exists such that, if the divergence free vector field uq £ B p p ' 2 , 
p > 2 and [uo] e p < cvh, then, the system with initial data uq has a unique global solution 

°° -1+2, 1 

u £ Bp p ' 2 (oo) f] C([0,oo) ; Bp p ' 2 ), and \\u\\ _ 1+ a i is independent of v%. 

B p p '^(oo) 

-1+V 

Furthermore, let U{ £ B p p' 2 ^) ^ e ^ e so l u tion for the system fZHP wt/i initial data uoi, 
p > 2, % = 1, 2. If U3 > and «oi — ^02 G L 2 , i/ien we /mi>e 

||«1 - '"2||xfP(X 2 (R 3 )) (I- 5 ) 

2p 



£+1 p+1 



2 \ 



< ||«oi - ^02||l2(r3) exp <| Cu h 1 (u h p 1 +u 3 p 1 ) f^K|| 

In what follows, we always use C to denote a generic positive constant independent of v$. 
Repeating the proof of Theorem II. 1^ we may conclude the following theorem concerning local 
wellposedness for large data. 

-1+-,- 

Theorem 1.2. If the divergence free vector field uq £ B p p ' 2 , p > 2 and [uq] e p < 00, 
then there exists a constant Tq £ (0, T] such that the system has a unique solution u £ 

-1+2, 1 -!+->! 
Bp p (Tq) n C([0, Tg]; B p p ), and _ 1+ a 1 is independent of v%. 

B p P '^(T ) 

Remark 1.1. These theorems imply that the third viscosity coefficient ^3 do not play a role 
except the continuous dependence (II. 5ft . 



Proposition 1.1. If p £ [2,4], we /iai>e 



JO 



p 



and 

Remark 1.2. This proposition will be proved in Section [6J It implies that if p E [2,4], then the 
condition [uqJ^p < ci^ in Theorem II .11 can be replaced by 



||tto|| -1+2 1 < cv h , 

JDp 

and the condition [ito]^ < 00 in Theorem 1 1 . 2 1 can be omitted. 
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Remark 1.3. Using the similar argument to that in the proof of Proposition ll.il we obtain 



i 



A >r • Va F )|| L , Lf(R3) < dj u h ^~l-l^af„ 1+li , q < 



where (dk)kez denotes a generic element of the sphere of From 3 — | — | = and q > 1, 

we have p < 4. Thus, we think p = 4 seems a special point. 

The following proposition, which will be proved in Section shows that Theorem 11.11 can 
be applied to initial data given by (jl.3p . 



Proposition 1.2. Let <fi{xh) and ip(xh) be in the Schwartz space S(M?), supp</>, suppV' C C^, 
where Ch is a ring o/R 2 . Denote (f> e (xh) = e tXl ^ £ <f>(xh) and ip £ (xh) = e ixi ' e ip(xh), we have, for 
any positive e, q G (1, oo], a > 0, a € (0, 2(1 — i)), 



||^||^_a<C7^«, (1.6) 

9.1 

Hs\\b^>C^, 

oo 



where 



,F>i>E,F'\\L 2 (m. 2 )dt < C^ tVh e , 



k>0 k>0 
oo 



\\al\g-. = \\S%a\\ L 2 +^2- CTfc ||A^a|| i9 , \\a\\ 6 - ? = £ 2- ak \\A h k a\\ Lq 

k=0 q ' k&L 

and ||a||^~a = sup fcgZ 2~°" fc ||A^a||Lq . 
Remark 1.4. From Proposition 11.2} we get 

1 _ 2 

IKIL -ii - C^,^, and [ttg]^ < C^^e* 5, for all p > 4. 

Theorem 11.11 and Proposition 11.21 imply that the anisotropic Navier-Stokes system (jl.ip with 
initial data «q' 9 , which defined by 



u ' q (x)=e 1+ i sin(— )(0, -d X3 (Mi),d X2 (<?W>i)), V?>2, 



£ 

is globally wellposed when e is small enough. 

At last, we give an imbedding result in the following proposition, which will be proved in 
Section El 

Proposition 1.3. For p > 2, we have 

B^ c B p 1+ ^ C B-^ C BMO- 1 C B^ = C~\ 
where \\f\\ B ~i = \\2- k \\A k f\\ L ~\\. q , A k a = ^- 1 ( ¥ »(2" fc |£|)a), 



MO-i == II/IIb- 1 + sup irff/ | e * A /(y)| 2 d2/^] , 

' a;GR 3 ,R>0 \Jp(x,R) J 

P(x, R) = [0, R 2 ] x fl) and B(x, R) := {y G R 3 ; \x - y\ < R} (see \TTj). 
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1.3 Structure of the proof of Theorem 11.11 

The purpose of Section [5] is to establish some results about anisotropic Littlewood-Paley theory, 
which will be of constant use in what follows. 

Section will be devoted to the proof of the existence of a solution of (jl.lj) . In order to do 
it, we shall search for a solution of the form, (following the idea in [3]) 

u = uf + w, and w G -B°'2(oo). 

In Section [U we shall prove the uniqueness in the following way. First, we shall establish a 

regularity theorem, which claim that if u G B p p ' 2 (T) is a solution of (jl.ip with [tio]^ < oo, 

then there exists T\ G (0, T] such that w = u — uf G B ^{T\). Therefore, looking at the 
equation of w, we shall prove the uniqueness of the solution u in the space uf + -B ' 2 " (T\). Since 

u G C([0, T]; Bp p ' 2 ), one can easily obtain the uniqueness of the solution u on [0, T]. 

In Section we shall prove that if v% > 0, then the continuous dependence of the solution 
on the initial data holds. 

We should mention that the methods introduced by Chemin-Gallagher in [2], Chemin-Zhang 
in [3], Koch-Tataru in [11] and Paicu in [12] will play a crucial role in our proof here. 

2 Anisotropic Littlewood-Paley theory 

At first, we list anisotropic Berstein inequalities in the following, (please see the detail in [3"lll2|). 

Lemma 2.1. Let Bh (resp. B v ) be a ball ofM.^ (resp. M^), and Ch (resp. C v ) be a ring o/R^ 
(resp. M v ). Then, for 1 < p2 < p\ < oo and 1 < q2 < qi < oo, there holds: 

1. If the support of a is included in 2 k Bh, then 

n o0 ii / M\f3\+2(^ L)) . 

where dh := d Xh . 

2. If the support of a is included in 2 l B v , then 

waN ii <:> J( N +— ~— )n ii 

11^3 a\\ L Pi {L n ) <2 « « ; ||a|| L P 1(L , 2) , 

where d% := d X3 . 

3. If the support of a is included in 2 k Ch, then 

MlIHl^) ^ 2 ' kN supJd^a\\ L v 1{Lll) . 



4- If the support of a is included in 2 l C v , then 

ii ii <o-lN\\f)N„\\ 

ImlLiHL^) ^ 2 \\°3 *\\i%-(LV-y 

Let us state two corollaries of this lemma, the proofs of which are obvious and thus omitted. 
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-1- 



Corollary 2.1. The space B u ' 2 is continuously embedded in the space B p p ' 2 and so is 

-1+-,- 1 
in Bp P ' 2 (T), p > 2. Moreover, the space B 0, 2(T) is continuously embedded in the space 

L^?(L|(L^°)). Furthermore, The space B p p ' 2 is continuously embedded in the space B 2p p ' 2 

-1+2 1 1 

and so is B p p ' 2 (T)inB 2p p ' 2 (T),p>2. 

-1+2,1 

Corollary 2.2. If a belongs to B p p ' 2 (T), p > 2, then we have 



E 2 ' E 2 



2 *(-l+|)||AfcA« 



lei 



P\\A^a(0)\\l W) 



< 



and 



E 21 



E 2 



l|A£AH 



+ v h 2ir\\A h k AW\h 



L?(L p h {LD) 



S> \\ a \\ l-l- 2 1 



Notations. In what follows, as in [3], we make the convention that {ck)k&L (resp. (<ifc)fcez) 
denotes a generic element of the sphere of Z 2 (Z) (resp. ^(Z)). Moreover, {ck,i)(k,i)ei 2 denotes a 
generic element of the sphere of 1 2 {I?) and {dk,i)(k,i)ez 2 denotes a generic sequence such that 



EE' 

zez Vfeez 



1. 



The following lemma will be of frequent use in this work. It describes some estimates of 



dyadic parts of functions in B p 



-1+ 



p'2 



(T). 
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Lemma 2.2. For any a G B p/ p (T), p' > 2, we have 



Sk,l(a) < —d k ,i2~P~2 2|| a || _ 1+ 2 1 

" B p , p V) 



and 

where (3 > 0, and 
Sk,i( a ) = 



P 



/3fc 



s k{a) < —c k 27~\\a 



B pl p V) 



E 2 



(-i+3+£)fc' 



fc'<fc-i 



'l|A^Afa|| i??(<(x?))+ ^||V^,Afa 



S k (a):= Y, 2 

k'<k-l 



(-1+^)*' 



l|A "' a|l ^(^(^)) + ^ l|V ^ A "' a|l ^(^(^)) 



Proof. Since 



252 P '% < 22 2 v 



fc'<fc-l 



I A fc A^ll 

|Afc ' A ' a|l ^<(^)) 
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+^||V,A^Afa|| i|(<(x?)) 
using Young's inequality, we obtain 



^ wez 

i 

Combining it with Corollary 12.21 we can easily obtain the first inequality. 
To get the second inequality, we shall prove that, for any (ck)kez, we have 



1(a) :=£ 2 9 Sk (a)c k <^U , _ ^ 



|a|| i 



p' 



Using Lemma l2.1| we get 

Sk(a) < £ E 2l+( " + ^ )fc ' (l|A^Afa|| , (L?)) + „*[|V h A&A?a[| ^ 



fe'<fe-i ze 
and 

zez (fc,fc')gz 2 
fc'<fe-i 

+4l|V^Ara|| i|(<(1?)) 

Using the Cauchy-Schwarz inequality and Young's inequality, we have 
1(a) 

-("'UsTo^ \^ -4(fc-fc') (- 2 +j) fe ' 



< ( £ 2-F^4)^ 2 ^( £ 2 -^*-*>2 

(fc,fc')GZ 2 i£Z (fc,fc')GZ 2 

fc'<fc-i fc'<fe-i 



i 

2\ 2 



x (JA^al^,^ +^||V^,Afa|| i|(<(L?)) 

< p 'sr<)k( o-w^ k ~ k 'h^- 2+ ^ k ' (\w h \«„w 

z ( ^ U |Afc ' A ' a|l ^(^'(^)) 

k'<k-l 

\ 2 .i 



+, 2 ||V,A^Afa|| L , (Lf;(L , )) ) ) 



< 



P'll II 

~77 ||a|| _ 1+ 2 i , 

P B pl 57 'V) 



which proves (|2.ip and thus Lemma l2.2i □ 
With Lemma 12.21 we are going to state two lemmas, which is very closed to Sobolev's 



embedding Theorem and will be of constant use in the proof of Theorem 11.11 

_ 1+ 2 1 2p' i 

Lemma 2.3. The space B , p (T) is included in L^~ 2 (L p h (L^°)), p' > 2. Moreover precisely, 
-1+4,- 

if a G B p , p (T) , then, we have 

l|A>|| , <\l^d j vf~ 1 *2-i\\a\\__ l+ 2 r x (2.2) 

V 



L|'- 2 (i-'(L ?) ) V ^ * (T) 



and 



< 



a ll V , ! *&\\-a V h H a ll -1+4.^ ' ( 2 ' 3 ) 



V , rO ll"ll 2£l_ , 1 H^ll -l+^->2 



a h, ii ii -J-+^t>« ' 



where \\a\\ 2p ' l = ^^22||AJa|| 2p ' and (3 E (0, min{j/ — 2, 2}]. Furthermore, 

for p > 2, we have 

||A>|| 2p < d^f _ ^2-2||a|| 1+ i i <diVp~*2-i\\a\\ 1+ z i (2.4) 

and 

j__ i 

INI Je. , ^ l[a|l-__3c r „ i 2 H«II -i+f.A . ( 2 - 5 ) 



where llall 2 P x = y^22||A^ 



• all 2 P 



Remark 2.1. From now on, A < B means A < C(p)B, where C(p) is a constant depending on 
p. 

Proof. Let us first notice that 

||AJa|| 2 v = ||(AJa) 2 || p , pl . 

Using Bony's decomposition in the horizontal variable, we have 

( A » 2 = E Sti^aA h k A]a + ]T S h k+2 A]aA h k A]a. 

These two terms are estimated exactly in the same way. Applying Holder's inequality and 
Lemma l2.lt we obtain 

UStiAJoAfcAJoll p , 

Lf^(Lj(LD) 

< ll'S'fe-i^j !! %>> ||AjtAJa|| 2p > 

< ^ ||A£,AJa|| v l|A^AJo|| v 

k'<k-2 L^-^{L{{L%)) L^- 2 ^{L{{L%)) 
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i_2+/3 2+/3 l 2-/3 2-/3 

< V ||a£,A>|| HA^AXI 1 ^ , ||A£A>|| ~ r , HA^AXI 1 ^ , 

k'<k—2 

* E (2^||AfrAJa||^ W)) ) ^ ( 2 (-^||AfcAJa||^ W)) ) ' 



— *IIAAA»„[| . A p U(-i+^)*iiaAa«,- A p 



1- 



2-/3 2-/3 



,-1 



E 2( " + ^ )fc ' (^l|V^AJa|| ^ + ||A&AJa[| ^ ) 



k'<k-2 



x2 (-i+^)^ (i/*[|V fc Aj^a||^ {£8)) + [|AfcAJa 



From Corollary 12,21 and Lemma 12.21 we get 



\\StiA v ja A h k A]a\\ ^_ v , <^d 2 kJ ui Via" 2 
Taking the sum over fc, we obtain 



2 1 



L^(L7(Li)) P B p V) 



which is exactly the first inequality of this lemma. Combining it with Lemma 12.11 and Corollary 
12.11 we can immediately obtain (|2.3p - (|2.5p . □ 

Lemma 2.4. Let a be in B°'2(T). Then, we have 

ll^k 1 ^^))^^ 2 ^^!^,^, £ + £=4 ft e [2,4], (2.6) 



and 



A>|| 2 P < djv h p 2-2||a|| q i 



\a\\ 2 P < ||a|| 2 P j < za 2p ||a|| i , 



where \\a\\ 2 P 1 =y^22||A^a|| 2 V andp>2. 

I^iL^iB?)) f£ 4 P (Lp(L?)) 
Proof. From Corollary 12.11 we have 



< 

B~ 5 ' 5 (T) ~ " ~"B U ' 5 (T) 



|a|| .11 £ | a,,- 



From (|2.2p . we get 



lA^all 7-4 ^4/ r2 u < d,i/>, 4 2 2 ||a|| 11 <cLza 4 2 a llall n i, • 



Combining it with 



I AJaH^a^)) < dj2 5 ||a|l B o,i (T)) 
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using interpolation, we obtain (|2.6p . Choosing q\ = 2p, we can finish the proof of this lemma. 
□ 

Using Lemma 12.14 we can obtain some estimates of uf in the following lemma. 



-i+- 1 

J v 



Lemma 2.5. Let uq G B p p ' 2 , p > 2, and up be as in 1 < q < oo. Then, there holds 



< 4,z2 (1 p )fe 2-2 m in(^ 9 2 ~ , 9 2 T)||„ || i Jor k > I - 1, (2.7) 

||A£Afu F ||^ (ifi(i?)) = 0, for k < I - 1. (2.8) 

-1+2,1 -1+2, i 

Moreover, uf belongs to B p p ' 2 (oo) H C([0, oo); -B p p ' 2 ), and we /iaue 

IM| _i+a,i < Kll -l+a.i- (2-9) 
Proof. The relation (2.5) in [3j tell us 

A^u F (t, x) = 2 2k+l [ g h (t, 2 k (x h - y h ))g v (t, 2 l (x 3 - y 3 ))A h k AJu (y)dy. (2.10) 

with 

hh{t,-)\\m^)<e-^ t22 \ \\g v (t,-)\\v m <e- c ^ t221 . 
From Corollary 12.21 and (|2.10p . we have 

\\A h k A?u F (t)\\ L i(L*) < e-" ht22k - c » ^ l \\A h k AJu \\ LliLl) 

< e - Whi ^-^ dk 2 a-|)*2-i||tio|| 

-1+2, ± 

By integration, we can obtain (|2.7p - (|2.9p . The proof of u f £ C([0, oo);B p p " 2 ) is simple, and 
we omit the details. □ 

From Lemmas 12.11 and 12.51 we can immediately deduce the following corollary. 
Corollary 2.3. For any (q,p') £ [l,oo] x [p, oo], p>2, we have 



A kUF\\ra^ + .TP',Too^ ^^/Cfc2 H * + 7 1) \\U \\ 

p 



If p' G [p, oo] and q G [1, r^g), we have 



B„ 



H A >IL,(«+;^(^)) ^ ? ^f + 7^)|| Wo || B _ 1+f4 . 

The following lemma is the end point of the second estimate of Corollary 12.31 
Lemma 2.6. Under the assumptions of Lemma \2.5[ we have 



\A v j UF\\ L ^(R+;L^(L2)) <djv h 2 2 2\\ Uo \\ i+a,i 



and 



i 



|«iH|z,2( R +. L oc( K 3)) < V h 2 ||U || -1 + 
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2 1 . 



Proof. Trivially, there holds 

H A >^Hl2(l-(l2)) = II(A>f) 2 Hl^(l-(li))- 
Using Bony's paradifferential decomposition in the horizontal variables, we have 

( A » 2 = E StiAJtijpAfcAJftij, + £ S fc \ 2 A > A fc A >- (2.11) 

fcez fcez 

Using Lemma l2.1l and Holder's inequality, we get 

IIS^AJuMfcAJuiHI^^i)) < 2p fc ||^_ 1 A^ F || i??(i 2 P(i 2 )) ||A^AJ'u F || L ^ {L 2 P(L 2 )) 
By (|2.7p and the proof of Lemma 12.21 we obtain 



\ S k-l^U F \\ L¥i Li?(Ll)) % 4j2 (1 P )fc 2 2||„ || u ^,. 

B 2p 



Therefore, using (|2.7p once again, we get 

ii E 5 ti A > A £ A >n^ (Ljr(Li)) < 2-v (J2 d h) 

A similar argument yields a similar estimate for the other term in (|2.1ip . Then we deduce that 

-i _j -i _j 

\\AjU F \\ LH ^+. LT{Ll)) <djV h 2 2 2|H| < ^-^ 2 2 2||u | 

From Lemma 12.11 we conclude that 

lhiHlz4(L~(R3)) < ^ 2 *\\ A j u F\\ L UL?<>(LZ)) <^ 2 ||«o|| i+2 j 



I Il2 

N 1+21. 

B 2p 



1 



ii 



□ 



3 The proof of an existence theorem 

The purpose of this section is to prove the following existence theorem. 

Theorem 3.1. A sufficiently small constant c exists which satisfies the following property: if 

-1+2,1 

the divergence free vector field uq G B p p , p > 2 and [uq] e p < cu^, then the system 
with initial data uq has a global solution in the space {uf + B°'2 (oo)} n C([0, oo); B p p ' 2 ). 
Proof. As announced in the introduction, we shall look for a solution of the form 

u = uf + w. 

Actually, by substituting the above formula to (jl.ip . we get 

wt + w ■ Vw — Vh^-hW — u^d^w + w ■ Vuf + uf • Vw; = — up ■ Vuf — VP, 
divw = 0, (3.1) 
w\ t =o = u a = u - u ohh , 
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where 



u u = J2 S J-i A >- 



(3.2) 



Moreover, we obtain \\uqu\\ i < \\uq 



p. 2 



. We shall use the classical Friedrichs' regulariza- 



tion method to construct the approximate solutions to (|3.ip . For simplicity, we just outline it 
here (for the details, see [3 HI II])- In order to do so, let us define the sequence of operators 

(-fn)ngN, (-Pln)neN an d (-P2n)n€N by 

P n a:=T 1 (l_B(o,n)a), P\ n a:=T (l{|£|< nj |£ 3 |>i}")> ^2n a := ^ 1 (1{|5 3 |<1}«)) 
and we define the following approximate system: 



+ P„(w„ • Vw n ) - u h A h w n - v?,dlw n + P n (w n ■ Vu F ) + P n (u F ■ Vw n ) 
= -P ln (u F ■ Vu F ) - P n V{-A)~ l d 3 8 k ({u F + wi)(u F + w k n ) - P 2n (44)) , 

A\VW n = 0, 

k w n \ t =o = P n (u u), 
where (— A)~ 1 djdf c is defined precisely by 

(-A)- 1 ^-^ :=T-\\C\-%Ck&)- 
Then, the system f)3. 1 1) appears to be an ordinary differential equation in the space 

L 2 n := {a G L 2 (M 3 )|diva = 0, Suppa C B(0,n)}. 
Such system is globally wellposed because 

4:ll^n|li2 < C n ||«ir||i<»[|lO n ||r2 + C n \\u F ■ V«,f|L o i H^nlUa, 
at ' 



(3.3) 



and u F belongs to L 2 (M + ; L c 

Now, the proof of Theorem 13.11 reduces to the following three propositions, which we shall 
admit for the time begin. 

Proposition 3.1. Let a be a divergence free vector filed in B°'2(T) and u be a divergence free 
vector field in B p p ' 2 (T). Then, for any j £ Z, we have 



Fj(T) :-- 



T 



A v j {u-Va)A v j adx 



dt<£v h % 2p 2^\\a\\ 2 ! ||u|| 2 P 1 . 



Proposition 3.2. Let a and b be two divergence free vector fields in B°'^(T). Then, for any 
j € Z ; we have 



Gj(T) :- 



T 



A^a-Vu^A^bdx 



dt 



< dp j \M B o, i{T) \\H B o, h{T) 



1 i 

2 2p I 



U F \\ 2p x + \\U F _ _ 3 



L»- L {Lf{B2)) 



where \\u F \ 



a :=Ei6Z 2aJ ll A i"iHll4(Lj»(L3))- 
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From Corollary 12.11 Lemma 12.31 and Proposition 13.11 we have the following proposition. 
Proposition 3.3. Let a and b be two divergence free vector fields in B°'2(T). Then, for any 



j G Z, we have 

fT 



o 



A] (a- Vb)A%dx 



dt <(&/- 1 2- J 'l|al| i, ||6|| 2 n i . 



Conclusion of the proof of Theorem 13.11 Applying the operator A!- to (|3.3p and taking 
the L 2 inner product of the resulting equation with A^Wn, we have 

j t \\A v jWn \\ 2 L2 + 2u h \\V h A v jWn \\ 2 L2 + 2i/ 3 ||9 3 A> n ||2 2 
= -2 / A?(u; n ■ Viu n )A> n cfe-2 / A^(u F • Vw n )A v jWn dx 
-2 / A v j (w n -Vu F )A v j w n dx -2 [ A^P^up ■Vu F )A v j w n dx. 

From Lemmas 12.31 12.51 Corollary 12.31 and Propositions I3.1H3.3[ we get 

V (||A> n ||| ?(L2) + 2u h \\V h A]w n \\\ 2T{L2) + 2^||a 3 A^ n ||^ (L2) ) 
< 2^||A> n (0)||l 2 +Cd 2 u^\\w n \\ 2 BQhT) (K|| Wfr) + Kll^_ 1+ a, 4 ) 
+C2*||AJ(«j, • Vu F )\\ LlT{L2) \\A]w n \\ L¥{L2) 

and 

ll^nll n 1 , , 



< 2C [u } E p c + CV h 2 ll w n|l B o,i (T) (T) + Mb* 



l^n|l B o4 (r) < 2C7 [«o] BS) + -= [u Y EL 



Then, we have 



for all T <T n := sup{i > 0; ll^nll^o,^^ ^ ^Cbfuo]^}. Then, if [ito]^ is small enough with 
respect to Vh, we get for any n and for any T < T n , 

5 

IKII B o,i (T) < 2 C oN^- 

Thus, T n = +oo. Then, the existence follows from classical compactness method, the details of 
which are omitted (see [U [12] ) . 

In order to prove the continuity of the solution u, we have to prove the continuity of w. From 
(|3.ip . we have 

A> t = v h A]A h w + vsA^dlw - A] (wVw) 

-A v j(w ■ Vu F ) - A^up ■ Vu>) - A^up ■ Vu F ) - A]VP. 

We can easily obtain that for any T > and j E Z, 

u^dlw G L°°([0,T];L 2 ), v h A]A h w G L 2 (0, T; L^H^ 1 )), 
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and 

(v h A]A h w + u 3 A]diw - A){u F ■ Vn F )|A» L2 G L\[0,T]). 
From Propositions I3.lll3.31 we have 

(A v j(w ■ Vio) + A]{w ■ Vu F ) + Aj(uF ■ Vw)\A v jW ) L 2 G L^QO, T]). 

Thus, we have ^||A]w(i)||| 2 G iV-QO,! 1 ]), for any T > and j G Z. Combining it with 

w G i? 0, 2(cxD), we can easily get w G C([0, oo); 5°' 2 ). Then Theorem 13.11 is proved provided of 
course that we have proved Propositions I3.lll3.2i □ 

To prove Propositions 13. 1113.21 we need the following two lemmas. 

1 -1+-,- 
Lemma 3.1. Let a be in B 0, 2(T) and u be in B p P ' 2 (T). We have 



Proof. Using Bony's decomposition in the vertical variable, we obtain 



A){ud h a)= Wj(S}_ x ud h A v j ,a)+ ]T A](A v jlU d h S], +2 a). 

\j-j'\<5 j'>j-N 

Using Holder's inequality and Lemma 12.31 we get 

||AJ(SJ,_ lU $ftAJ,a)|| 2p 2, < \\S],_ lU \\ 2, \\^fd h a\\ L 2 (L 2 m) 

L^{Lf^{LD) L|^(Lf(L-)) 

— 2- 

and 

||A?(AJ,™9 fe Sj, +2 a)|| 2p < 11^+2(^)11^2 (^^oc)) || A v jlU \\ 2? 

—i 

< d,-/i/. 2 2 2 U .1 \\u\\ 2 P ! . 

Then, we can immediately finish the proof. □ 

Lemma 3.2. Let a be in B°'2(T) and u be in B p P ' 2 (T). We have 

i_ 

\\ A j(ua)\\ L 2 {L 2 {M3)) <d j u h 2p 2'2\\a\\ _i ||u|| a, 1 • 

Proof. Using Bony's decomposition in the vertical variable, we obtain 

A](ua)= Y AJ(^_ x «A^o)+ 2 AJ(5|, +2 aA». 
|i-i'|<5 j'>j~N 

Using Holder's inequality, Lemmas I2.3M2.41 we get 

||AJ( J S']',_ 1 «A^o)|| L 2 (i2(R 3 )) < IISJ/^H ||Aj/a|| _2p 



15 



< di'V h 2p 2 2 lUII i Hull 2p i 



and 



||AJ(5J/ +2 aAJ,u)|| L 2 ( L 2 (M 3)) < ||<SJ' +2 a|| ||AJ/«|| _2p 

_ J_ ■' 

< d f v h 2p 2-^\\a\\ i \\u\\^jp 1 . 

Then, we can immediately finish the proof. □ 

Proof of Proposition 13.11 We distinguish the terms with horizontal derivatives from the 
terms with vertical ones, writing 

Fj{T) < fHt) + Fj(T), 



where 



and 



FHT) := f [ A v Au h ■ V h a)A]adx 
Jo Jw> 



dt 



A^d^A^adx 



Using Holder's inequality, Lemmas 12.41 and 13.11 we obtain 



FHT) < \\A v Ju h -V h a) 



I .. 2p , 2p 

L^T 1 {L^ 1 (Li)) 



\A V M 



L 2 T p (Lr L (Li)) 



2p 



< d 2 u 2 2p 2~ ju " u2 
~ a 3 U h L 



Applying the trick from [3 [12], using paradifferential decomposition in the vertical variable to 
A V j{v?dza) first, then by a commutator process, one get 

A](u 3 d 3 a) = S^ 1 u%A v J a+ ]T [A]; Sf^u 3 ]^ a 

\j-l\<5 

+ J2 (Sl 1 u 3 -S]_ 1 u 3 )d 3 A]A^a+ ^Wd^ l+2 a). 

|i-i|<5 l>j~N 
Correspondingly, we decompose -FJ(T) as 



FJ(T) := f]> v (T) + Ff v (T) + F 3 ' V {T) + F*' V {T). 
Using integration by parts and the fact that divu=0, we have 



Fj' v {T) = \ f T [ S^divhu^afdx 

J 2 J0 i|3 



dt 



S]^u h ■ V h A v ja A v ja dx 



dt. 



From Lemmas I2.3H2.4I and Holder's inequality, we get 



Fj' v (T) < \\S]_ lU \\ ^ ||AJa|| j* ||V ft AJa|| i|(i2(K3)) 



16 



< SuJ 2p 2^\\u\\ 2 P , \\a\\ 2 0l . 

To deal with the commutator in Ff' v , we first use the Taylor formula to get 



if"(T) 



E 



\j-l\<5 

x (2/3 - x 3 )d 3 Afa(x h , y 3 )dy 3 A v j a(x)dx\ dt. 
Using divu = and integration by parts, we have 

fT 



2^ / h{2\x 3 -y 3 )) I Stid 3 u 6 {x h ,Ty 3 + {l-r)x 3 )dT 



Ff v (T) 







E 

li-i|<5 

•V hd 3 Af 'a(x h , y 3 )dy 3 A v j a(x)dx\ dt 



h(V(x 3 -y 3 )) / Sl lU n (x h ,Ty 3 + (l-r)x 3 )dT 
'0 



+ £ 




h(2?(x 3 - y 3 )) I SUn h {x h ,ry 3 + (1 - r)x 3 )dr 




\j-l\<5 

xd 3 Afa(x h ,y 3 )dy 3 V h A v j a(x)dx\ dt, 
where h{x 3 ) = x 3 h(x 3 ). Using Holder's inequality, Young's inequality and Lemma [2.6l we obtain 



li-J|<5 

+ E 2l ~ j w s i 

li-i|<6 



h 



ll V /i A ? a llL2(L 2 (R3))ll A j 



2p 



i«"H Jl , l|V? l A|a|| L 2 (Iy2 ( M 3 )) ||AJ , a|| _2p 



< e&zJ 2lp 2^'||u|| 2p 



It is easy to see that 



if*(T)< V / T / A^A^AfaA^dr 



\j-l'\< r o 

b'-«l<5 



r/f. 



We can rewrite A^,u 3 as following: 



Ar,u 3 



g v ^{x z -y z ))d i ^,u A {x h ,y^dy z , 



f „.3/ 



(3.4) 



where G <S(R) satisfying ^(g^fe) = jgjf^ • Using divu = 0, integration by parts, Young's 
inequality and Lemma [2T6l we get 

fT 



Ff' v (T) < V / / / 5 u (2 r (x3-y3))Ar,n ?i (^,y3)%3-V^3AJAfaA> ( ix 
\J-l l<5 

li-«l<5 

T [ T [ [ g v (2 l '(x 3 -y 3 ))A^u h (x h ,y 3 )dy 3 .V h A]ad 3 A]A^adx 



li-i'l<5 

LM|<5 
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< ]T 2 l - l '\\Af,u\\ ^ ^ llV^AJall^^llAJall _^ 

|j — Z'|<5 (-^h P (-^S°)) L T (L h (Li)) 
\j-l\<5 

< 2->\\u\\ 2 P , \\a\\ 2 0l/ . 
3 l^HI^b?)) V.7(r) 



Similarly, we have 
if w (T) 



< 



Y, [ [ A|f [ g v (2 l (x 3 -y 3 ))A?u h (x h ,y 3 )dy 3 -V h dsS? +2 a) A]adx 
+ T [ T [ A]( [ g v (2 l (x 3 -y 3 ))Alu h (x h ,y 3 )dy 3 d 3 Sf +2 a) -V h A]adx 



Z>i-iV ' 



< 



J>j-7V 



l>j-N 

< c£jv~$~&2->\\u\\ 2 P , „..„ „ 



1 1 ^+2° 1 1 , -23> l|VftA^a|| i 2( i 2 (i 2 )) 
L^iLj^iL^)) 



\a\\\, 



This completes the proof of Proposition 13.11 □ 

Proof of Proposition 13.21 We distinguish the terms with horizontal derivatives from the 
terms with vertical ones, writing 



Gj(T) < Gj(T) + G v j(T), 



where 



and 



G^T) := j" 



A^(a h • V h u F )A v j bdx 



dt 



G V AT) 



T 



A^d^Apdx 



dt. 



Using integration by parts, we have 

f A v Aa h ■ V h u F )A v j bdx = - [ AJ(u F di V/l a h )AJMx - f A v Aa h ® u F ) : V h A]bdx. 

JR3 ' JR3 '' JR3 

From Lemmas 12.41 and 13.1113.21 we have 



A^updwha^A^bdx 



dt < ||A^(n F div /l a /l )|| 2 P 2 P \\A V M 



L 2 T *-(L*-^Ll)) 



< %u h * »2Ti\\a\\ b0 ,i ||6|| ,i IIufILjb, ^ , 



and 



/ / A?(a fc ®u F ) : V h A%dx 
Jo 7R3 



fit 
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< ||AJ(a h <8>itF)|| L |( L 2( K 3))||AjVfo6|| L |( L 2( R 3)) 
_ i j_ 

On the other hand, using Bony's decomposition in the vertical variables, we obtain 

A](a 3 d 3 u F )= &j(fy_ 1 a 3 d 3 A v j ,u F ) + £ AJ(AJ,a 3 3 3 ,SJ, +2 u F ). (3.5) 

b''-j'|<5 j'>j~N 

Using Holder's inequality, Corollary 12.31 we get 

||AJ(5J/_ 1 a 3 5 3 AJ/it j p)|| L i i(Z) 2( R 3)) < 2 j \\Sji_xa 3 \\ L oo^ L ^ \\Aj l u F \\L] t (L™(LZ)) 

< d,v2 2 up I _ 3 a n i , , 
J 11 *"ri(L£>(B?))" "b°^(t) 

£ ||AJ(SjU^3A> F )|Li (L2(R3)) < ^2-i||^|| 3 ||a|| w 

\j'-j\<5 ^TK^h \ D v )> y ' 

Using Holder's inequality, Lemmas 12. 1\ 12.61 and the fact that diva = 0, we have 



and 



|A, u ,a S], +2 d 3 u F \\ 2p 2p < 2 3 \\Ala \\ L 2 (L 2( R 3)) \\S], +2 u F \\ j? 



< ||A^9 3 a 3 || L 2 (£2( R 3))||/Sy +2 «iH| 

= ||A^div /l a ,l || i 2 (z / 2( R 3))||5 , J, +2 n F || _2p 



< dj'U h 2 2 2 ||n F || 2 P 



and 



^ \\A v f a 3 S], +2 d 3 u F \\ 2^ 2? <d 3 v h ~ 2 2 *||u F | , „.„„„ . 



2p 



j'>j-N 

This ends the proof of Proposition 13.21 □ 

4 The proof of the uniqueness 

The first step to prove the uniqueness part of Theorem ll.il is the proof of the following regularity 
theorem. 

-1+2,1 -1+-V 

Theorem 4.1. Let u £ B p p (T) be a solution of with initial data uq £ B p v , 

[ u q\e p < °°> P — 2- Then, there exists a T\ £ (0,T] such that 

w = u-u F €B°>*(T 1 ). 

Proof. We already observe at the beginning of Section [3] that the vector field w is the solution 
of the linear problem, which is 

wt — v^AhW — v 3 d\w = —VP — u • Vw — w ■ Vu F — u F ■ Vu F , 
divw = 0, (4.1) 
w\ t =o = Uqu. 
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Let us apply the operator A?- to the system (|4.ip . and set Wj = A v ,w. By the L 2 energy estimate, 



we have 



\\ Wj (t)\\l 2 +2v h I \\V hWj {s)\\ 2 L2 ds + 2vz [ WdsWjis^ds 
Jo Jo 

< ||A>oh||£ 2 +2 / f A v j (u-Vw)w j dx 
Jo Jm. 3 

Aj(w ■ VuF)wjdx 



ds 



ds + 2 



Aj(v,F • VuF)vjjdx 



ds. 



From Propositions I3.ltf3.21 we obtain, t E [0, T], 



and 



\wj(t)\\h + vh [ \\V hWj {s)\\ 2 L 2ds + ^ [ \\d 3Wj (s)\\ 2 L2 ds 
Jo Jo 



< \\A]u a\\h+d 2 u^ 2 ?2-3\ 



w\ 



U 2p 



1 + \\ U F\\ 2p 



Lr T (Lf{B^)) / 



+d 2 2 J |M| 2 „i ~ a + d 2 2 i\\w\\ n i , \\up ■ VupW n i 



_i_j_ 

< ll«o«ll B o,i + II«f • VufW^^ + (1 + ^ * 4p )IMI fl o,i (t) 



X I \\U\\ _2p_ j + ktF _2p i + kt_p „ 3 



Lr L (K P (B 2 )) Lr L (K P (B?)) 

Thus, we can choose a small T\ E (0,7"], such that ||n|| _ 2 P 



|uf||~ ~ 3 is small enough and 

L^(L^>(B?)) 



i + IP-fIL 2 p i 



+ 



W _ n 1 



< 



This concludes the proof of Theorem 14.11 



^/|l R o,i +H^-V^|| L ^ (B() , i) . 



□ 



The above theorem implies that, if m, i = 1,2, are two solutions of (jl.ip in the space 



-1+ 



B p p' 2 (7^ associated with the same initial data, then there exists a T\ E (0,T] such that the 
difference 5 := u-i — U\ belongs to B°'2 (Ti). Moreover, £ satisfies the following system: 



5t - u h A h S - u 3 d 2 5 = L5- VP, 
div5 = 0, 

«y|t=o = o, 

where L is the following linear operator 

L5 := —5 ■ Vu\ — U2 ■ VS. 

In order to prove the uniqueness, we have to prove that 5 = 0. 
As in [3], we give the following definitions. 



(4.2) 
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Definition 4.1. Let s£l, and let us define the following semi-norm: 

Hallno.. := f^2 2 ^||AJa| 



L 2 



Definition 4.2. We denote by TL the space of distributions, which is the completion of 5(M 3 ) 
by the following norm: 

\Hh := J^2-iAJ i o||| a(RS) <oo, 

where 

Af = A], if j > 0, and Af = 0, if j < -2, and = Sg. 
Definition 4.3. Let us denote by ,6 the following semi-norm: 



a 



Remark 4.1. It is obvious that 

|2 



fcez 



loll ~ „i + z^/, II V/,a|| n i < ||a|| . i (4.3) 

and 



II«IIl-(b) + ^I|v^||^ (s) <I|«II • (4.4) 

tip (1 ) 

Let us state the following variation of Lemma 4.2 of [3]. 
Lemma 4.1. A constant C exists such that, for any p' £ [2p, oo), p > 2, we have 

2 -j 2 

j 



A^H^^ < C7c J V^2-5||6|| j g ||V fc 6|| B p , j > 0. 



(^) 



Proof. From Lemma 12.11 we get 

2*11^11^, < C^2^^ 1+ f)2^-^||A^A^|| i , (i 2 ) 

k<N 

+ c ^ 2 i +fc (-l + |) 2 -^ ||A , A , V/i6|| ^ (L?) 

fc>7V 

< C\\b\\ B + C\\V h b\\ B £ 2"FV fc>3 -. 

fc<iV fc>AT 

Using the Cauchy-Schwarz inequality, we get 

2*11^611^ < CcMbIY, 2 ^ 1 '^) +^||V fc 6|| B (E 2 ^ fe 
< CcMb^ 1 '^ + C^ Cj \\V h b\\ B 2-7 N . 
Choosing 2 N ~ 8 §i ves the lemma. □ 



Let us state the following variation of Lemma 4.1 of [3]. 
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Lemma 4.2. Let a and b be two divergence free vector fields such that a, V^a G H 0, 2 n 



b £ B H L 2 h p (B£ ) and V^fe e 6. Let ns assume in addition that ||a||^ 



2 2p 



|(6 • Vo|a)„| + | (a ■ V6|a)„| < ^||V h a|& + C(a, %(||a|^), 
where (f\g) n ■= Y, je z 2 ~ J Irs Af f Af gdx , fj,(r) := r(l - log 2 r) log 2 (l - log 2 r) and 



_2p_ 



C(a,6) := C„(||6||^ roo , + ||6||^_ + IIJI1 - 



|2\||T7 U|2' 



. T I "I . i ll a ll /l l|V/i a l| P n i 



(l + »)l|V fc 6||^ . 



Proof. The estimate of the term (6 • Va|a)^. Using Bony's paradifferential decomposition 
in the vertical variable and in the inhomogeneous context, we have 



b ■ Va = T b X7a + i?(6, Vo) 



with 



Ttfa-^SjiJ-VAfa, R(b, Va) := £ A?b ■ and = £ Af/. 

i J i'<Z— 1 

/Step J. The estimate of (T^V a|a)^. As usual, we shall treat terms involving vertical derivatives 
in a different way from terms involving horizontal derivatives. This leads to 



Af(T fe Va) = Tf + T?, 



with 



T} := Af S l-ib h ■ VftAj^o, and TJ := Af ^ S^d^Afa. 

LM<5 |j-/|<5 

Using Holder's inequality, we obtain 



^ £ \\ h \\ L 2 v(L°°) 52 HVhA^a|| L2 <cj-22||6|| 2p fLOO J|V h a|| w 



L v h +L {Ll) 



U-«l<5 



and 



|(T/|A«a) i2 | < c,22||6|| l2 ||A»a|| j, \\V h a\\ n . 

h \ v L^iLl) 

Using Minkowski's inequality and the Gagliardo-Nirenberg inequality, we have 



L\(Ll) < C \\f\\LULt) < C 



\\f(-,x 3 )\\l 2 \\V h f(-,x 3 ) 



<C||/||| 2 ||V,/||| 2 . 



By interpolation, we have 



^J^CII/II^IIV*/!!^), 9 €[2,4]. 



(4.5) 



Then, we get 
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and 

5^2^|(2j|AJ*o) £a | < llftll^^llall^'UVfcall^. (4.6) 
3 

The estimate of (T^A^a)^ is more delicate. Let us write that 



27 = E 2 ? ,B 



n=l 

with 



T/' 1 := Sf^dsAfa, T/' 2 := ^ [Af ; Sjl 1 & 3 ]Q,AJ' i a, 

b"-i|<5 

T/' 3 := ^ (Sflifc 3 - SJL^^Af Af a. 
Ii-i[<5 

S'tep la. The estimate of • 2 -J- 1 (2^' |AJ l a) £ 2|. To do this, we use the tricks from [HIE] once 
again. Using integration by parts and divfr = 0, we get 

{Tf\Afa) L 2 = -\ f Sf^d^AfaAfadx 

= - f S^div^AfaAfadx 
2 Jr3 

= - / Sfi.^ ■ V h AfaAfadx. 
Jr 3 



Similar to the proof of (|4.6p , we have 

^2^|(^ 1 |A» L2 | < ||6|| L?(L . ) ||a||j7'||V fc a[|i + *. (4.7) 
i 

S"iep 16. The estimate of ^ J -2 _J |(Tj' 2 |Aj*o)x2|. In order to estimate the commutator, let us 
use the Taylor formula (as in [3]). For a function / on M 3 , we define the function / on M 4 by 

Rx,y 3 ) := f(x h ,x 3 + T(y 3 - x 3 ))dr. 
Jo 

Then, denoting h(x 3 ) := x 3 h(x 3 ), we have 

T f= E [ K2 3 (x 3 -y 3 ))(sf[^hP)(x,y 3 )d 3 Ara(x h ,y 3 )dy 3 . 

Using div6 = and dhf = dhf, we obtain 

T f = ~ E / ^ 2 ^ 3 " y3))div^^5^)(x J y3)33Afa(x^y 3 )^3. 

Using integration by parts with respect to the horizontal variable, we have 
(Tf\AJa) L , 
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T \ f h(2 j (x 3 - y 3 ))(S^b h ){x,y 3 ) • V h d 3 Afa(x h ,y 3 )Afa(x)dxdy 3 

|i-/|<5 UR4 

+ / Hy( X3 -y 3 ))(^^(x,y 3 )-V h Afa(x)d 3 Ara(x h ,y 3 )dxdy 3 



From \\f{xj l , •, Olli 00 ^ 11/(^/1) Oik? 3 ! Young's inequality and Holder's inequality, we obtain 

|(t;< 2 |a>) l2 | 

< 



V (||ArV ft a|| i2 ||Afa|| j, +\\Afa\\ \\V h Afa\\ L 2 



13- 

Similar to the proof of (14.61) , we have 

Y^2^\(Tf\Afa) L2 \ < ||&|| i?( ^j||a||^||V fc a||£*. (4.8) 
3 

S'iep la The estimate of YJ^. 2 _:, |(Tj' 3 |AJ*a)^2 1. For any divergence free vector field u, from 



3.4p . we have, I > 0, 

Afu 3 (x) = / /(2'(x 3 -y3))Afa 3 n 3 (x ?t ,y3)^3 



= -div h / g v (2 l (x 3 -y 3 ))A v l u h {x h ,y 3 )dy 3 

JR 

= -2~ l dw h A'fu h . (4.9) 

If j > 7, then the terms 5'" 1 6 3 — SJ^b 3 that appear in Tj' 3 are a sum of the terms A" with 
I' > 0. If j > 7, using (14, 9h and integration by parts in the horizontal variable, we obtain 



{Tf\Afa) L 2 = Yl 2 ~ 1 ' ( I &ffipb h -V h Afd 3 a)Afadx 

\l'-l\<5 ^ Jm3 
\l-j\<5 

+ f Af{Afd 3 aAfb h ) ■ VtAfadx) . 



Similar to the proof of (j4.8j) , we have 
If j < 7, we can easily get 



^2-'|(T/' 3 |Afa) i2 | < [|6[| z?(£SB) ||a||^||V fc a||i + '. (4.10) 
i>7 



\{Tf\Afa) L ,\ < ||6||^ (Lso) ||a||^ 5 ||V fc a||^. 

Plugging this inequality with inequalities (|4.6|) - (|4.8p and (|4.10p . using Young's inequality, we 
have 

\(T b Va\a) H \ < [|6[| L * (£go) (\\a\\n* || V h a\\^ + \\a\\ 2 ~'\\V h a\\l 
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< ^Vna^ + CM (iM^ + M^) ■ (4-11) 

Step 2. The estimate of (R(b, Va)|a)ft. Again, let us treat terms involving vertical derivatives 
in a different way from terms involving horizontal derivatives. This leads to 

AfR(b, Va) = R) + R) + i?° 

with 

R$:=A? E &ib h -V h S? +2 a, 

1>U~N )+ 

R] := A? Yl ^d^ +2 a, 
1>(J-N )+ 

R°j := Af(S%b-VS%a). 

Let us first estimate R®. It is obvious that if j is large enough, this term is 0. Thus, if j < N\, 
we obtain 

E \{R^fo) L A < ll^^fllall^llV^II^ + llall^llVHll 

3<Ni V V 

< ^liv^n^ + (ll^ll^^ + • ( 4 - 12 ) 

Step 2a. The estimate of ^ - 2~- ? |(i?^ |A™a) L 2|. First, we estimate Rj in high (vertical) frequen- 
cies. From Lemma 12. II and Holder's inequality, we have 

ll^ll 2 £ 2^ E ||A^.V^ +2 a|| _^ 

< 2§ £ l|Af6 ft || L?(L2) ||V,^ +2 a|| L , (L?) 

«>(j-iVo) + 

< 2^ £ iWll^) E HV ft A«a|| xM 

< ||*| £ f £ 2'') ' 



5 25 ^W, I|V "* 



Combining it with (14.50 . we have 



|(^|A«a) i2 | < 2§||^|| i \\V h a\\ H \\Afa\\ » 



i 



~ l|6|l ^(^, l|Vfca|lwl|a t. 3 i l|Vfca|l ^.i- (413) 

Then, we estimate i?^ in low (vertical) frequencies. Following the idea of [31 [12], using 
Lemmas 12.11 and 14.11 we obtain 

II*; II v ^ 2§ E IIA^-V^VH v 

^ +2 (i?) l>(j-N )+ Ll+\Ll) 
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< 2* £ IIAr^ll^^jllV^aH^^ 

l>(j-N )+ 

< 25 ^ c,2-^||6|||||V ft 6||B"^ J] c fc 2t||V ft o[|« 

;>(i-Ar )+ fc<z+i 

< 2^v9[|6[|| II V fc 6[|i~^ || V ft a[|«. 



IB II v 

By (|4.5|) . a constant C exists (independent of p') such that, 

||A>|| v <C||A-a||^||V,A«a||f 2 . 



Thus we get 

|(4| Af a) L2 \ < c^^HfelllllV^llg * \\a\\ H < ||V,a|l w p ' . (4.14) 
Prom (|4.13p - (|4.14p . the Cauchy-Schwarz inequality and Young's inequality, we have 

£2-'|(4|Afa) L2 | < £ ^ll^U^lJI^allwIlo^ 4llV*«[lL 

j j>M h 1 v ' 

+ E c ^\nt\\^hb\^\\a( H ^\\V h a{^ 

-l<j<M 

~ 2 " M|i6i| zr^) iiVftaiiHiia C4 ||Vfea|| io^ 



2 



1-4.. 



+V^M|H|£ HVftftllg p ||a|| w p ||V h a|| w p 

+C'^^ i (p'M)^||6||f^||V^|||||a||^. 
Let us assume that M > 2 2p . Choosing p' = log 2 M, we get 

£2-|(flJ|A»„M < ^||V» a ||U^2--'||6||^ (B| || [ ,||^,||V» [ ,||S o4 

+C„ > (l + l|6||l)||Vft6||l||i||| ( Mlog 2 M. 
If IMIh — 2 _22p , then we can choose M such that 2~ M ~ ||a||w, and get 

E2- J |(4|A>) i2 | < ^HV^ + C^a^Kllal^), (4.15) 

with 

Cl(a , b) = £|| 6 ||2 || a || 2 -i [| Vfc0 ||l + c^ (1 + || 6 |||)|| Vh 6|||. 

^/i L h p (BJ) H '2 ii '2 

S"iep £6. The estimate of ^ - 2 _J |(i2J|A™a) i 2|. From (14.91) and integration by parts in the 
horizontal variable, we have 

(R v j \Afa) L 2=R v j ' 1 + R v / 
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with 

R T : = E 2 ~ L I *?<Ai& ■ Vhd 3 S? +2 a)Afad.r. 
i>U-n ) + 

^• 2 := V 2~ l f Af(Afb h ckS? +2 a)-V h Afadx. 



i>(i-AT )+ 

Since a G ff°'2 nH, we have 

31 I 

\\d 3 S?a\\ L 2< Cl 2*\\a\\n and \\d 3 Sfa\\ L 2 < Cl 2* i , (4.16) 

using the similar argument to that in the proof of (14.150 . we have 

£2-^f | <^[|V fc a||^ + 0-1(0,6X1^). (4.17) 
j 

Now let us estimate i?J' 2 in high (vertical) frequencies by using that a and V^a are in H°>2. 
Using Lemma l2.lt we obtain 

\\Af(A^b h d 3 S^ 2 a)\\ L , < 2i\\Afb h d 3 Sf +2 a\\ Ll(Ll) 

< 2 l *\Wb h \\ L2p{L2) \\d 3 S? +2 a\\ j* . 

Using (|4.5jl and (|4.16|> . we obtain 

\\d 3 Sf +2 a\\ ^ S^IIV^I^ JI°C*A 

and 

Then, let us estimate i?J' 2 in low (vertical) frequencies by using that a and V^a are in Ji. 
Using Lemma |4. 1|, fj4.5|) and (|4.16p . we have 

1 1 &f (Al b h d 3 Si +2 a) 1 1 L 2 < 25||Af6|| , (L2) \\d 3 S? +2 a\\ v 



< 2i2 l d lv ^\\b\\7\\V h b\\ 1 B ¥ \\a\\i 7 \\V h a\\l 



Thus, we deduce that 



\Rf\ < c^Vp'll&IH' ||V fc 6||- p ' \\a\\ n \\V h a\\ n ' . 
Combining it with (|4.18p . using the similar argument to that in the proof of (|4.15p . we have 

J22- j \(Ri\Afa) L 2\ < ^HVfcoll^ + CiCa^Mllallw). (4.19) 
5 

This proves the estimate of the term (b ■ Va|a)^. 



l— 
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The estimate of the term (a • V6|a)%. Using Bony's paradifferential decomposition in 
the vertical variable and in the inhomogeneous context, we have 

a ■ Vb = T a Vb + R(a, Vb) + T Vb a 

with 

T a Vb := StLia ■ VAffe, R(a, Vb) := £ Afa ■ 
i>i i>-i 

i=-l,0,l 

and T Vb a := AJ* a ■ VS^b. 

l>l 

Step 3. The estimate of (T a V6|a)^. Using the similar argument to that in Step 1, we have 

=h -=v 



3 

with 



Af(r a vb) = r; + T" j , 



T] := Af ^ S i-i ak ■ V^Af 6 and T] := Af ^ S^a^Af b. 

b'-J[<5 li-«l<5 

iSiep 5a. The estimate of V ■ 2~- J (T^|A?- l a)£2. Then, we have 



(rJ|Afa) L 2 =Tf + T h2 



with 



rf := - / Af ( V S^div^Af 6)Af adx, 
b-i|<5 

- f Af( V S^cMf 6) • V h Afadx. 



i • 



li-J|<5 

Using Holder's inequality and (|4.5j) . we obtain 



2p 



b-ii<5 L h ( L ?) 



< £ Q2l||V,a|| w ||6|| L 2 P(Lso)C ,2§||a||; ? ||V fc a||* 

IMI<5 



< 



d^\\a\\ H '\\V h a\\ H '\\b\\ L ^ LOv 



\Tf\ < £ ll 5 "i a H -X llftll^accjIlVftAfall^ 

\j-l\<5 L h \ L v) 



< Y, Q25||a||^||V,a||^||6|| L 2 P(i?))C ,25||V,a|| w 

b-«i<5 

< ^||a||i7-||V/ l a||^-||6|| I ., P(LSO) . 



Step 3b. The estimate of ^ 2^'(Tj|Af a) £ a. Let 



7tT« 75^0 T^ul 
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with 



if := Af E S^a 3 d 3 Afb, 

\j-l\<5 

if := Af E ^fa 3 d 3 Afb. 

\j-i\<5 
l'e[o,i-2] 

Using Holder's inequality and (|4.5p . we obtain 

\(T°°\Afa) L2 \ < £ ll^«ll^(^)H53Af6|| Lf(L?) ||Afa|| j 



|i-J|<5 

< E iHi* d ' 2 



li-J|<5 



Prom (|4.9p . we have 



< d^||a|| w p ||V,a||£ 
| £ 2- j (TJ 1 1 a) L2 1 < T" 1 ^ + T 



ul.iV . TT^ul 
AT 1 



with 



n' = £ E * 



E E ^ 

i>iV \j-l\<5 
l'>N 



3 \j-l\<5 

l'e[o,N] 



Af(2- l 'Apdiv h a h d 3 Afb)Afadx 



A vw 2 -i Al?div h a h d 3 Afb)Afadx 



From (|4.5p . Lemma |4. II and Holder's inequality, we obtain 



< E 2 "' E 2- | '||V fc A^a||^ (£S0) ||ft^ ,i 6|| j/ HAj'oll 

3 \j-l\<5 ' L h 2 ( L v) 

l'e[o,N] 



2 i 2 2 

2.. ..-L- 



~ E 2 ~' E c i'\\^ha\\nci2^y9\\b\g\\^hb\\ B ¥ c^a\\ H ^\\V h a\\^ 

3 \j-l\<5 

i'e[0,N] 

i 4 i-4 i-4 i+4 

< Vp'iV||6||| ||Vfe6|L v ||a|L p ||Vfta|L p , (low vertical frequencies) 



and 



^ E 2 " f E ||Af«|| ^ 



j>Af [i-J|<5 
l'>N 



~ E 2 ~ § E 2_ ^Q'l|V /i a||w^2 



< 



j>w b'-i|<5 

«'>iV 



i 2-i||a|| 1 / x ||V ft a|r ol 



2 ||V^a||w||6|| i Ikll n P i||V/ l a|| p (high vertical frequencies). 
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Using the similar argument to that in the proof of (|4.15p . we get 



|^2^(r; 1 |A«a) L2 |<^||V,a||^ + C7 1 (a,%(||a|| w ; 

3 

Thus, from above estimates, we get 

(T a Vb\a) H < ^\\V h a\\ 2 n + C(a,bM\\a\\ 2 H ). 
Step 4- The estimate of (R(a, V6)|a)w. Obviously, we have 

{AfR(a, Vb)\Afa) L 2 = ll) + R° j + Ej, 

with 

r) := (Af( J2 A i iah ■ ^h^Ub)\Afa) L ,, 

l>l+(j-N )+ 
i=-l,0,l 



R) := (A«( Ara'd^iMAfa)^, 



Z>l + ( j _7V )+ 
i=-l,0,l 



Rj := (Af(Stfa ■ VSTb)\Afa) L 2 + (Af (Ag*a • VS 2 ^)|Af a) i2 . 
It is obvious that if j is large enough, R°j is 0. Thus, if j < N\, we obtain 

,-0, ^ „ „ A, „2-i„ n 1 „H 



Step 4 a - The estimate of Ylj 2 • Then, we have 
with 



y A™( A^Miv^A^AJ'Wx, 



j> 1+ y_jV )+ 
j=-l,0,l 



Rf:=-I Af{ J2 Ara h A^ t b).V h Afadx. 



;>i+o-A r o) + 

i=-l,0,l 

Using Holder's inequality and (|4.5p . we obtain 



l<l ^ 2 " E l|V,Ara|| L2 ||A^6|| LP;(i , } ||A«a|| _v_ 

«>l+(3-JVo)+ L u 2 ( L l) 



1+ 

i=-l,0,l 

< 25 £ c l 2 L 2\\V h a\\ n c l+l 2-^Vp~'\\b\\l \\V h b\\~? Cj2 ^\a\\~^ \\V h a\ 



1>1+U-N ) + 
i=-l,0,l 



. . 1-4. ._ J-+-V . . -T .._ . . I"" 



c j \fp 1 '^ 3 ll a ll^ ^l|V^a|| w ^ H&Hs' llVh&Hg ^, (low vertical frequencies), 
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I<l S 2f E IIV^Afall^HA^&II^^^IIAfall * 

l>l+(j-N )+ h ^v) 

i=-l,0,l 

< 25 £ Q 25||V,a|| w d /+i 2-5||6|| , c,2-5||a||^||V,a||^, 

l>l+(j-N )+ h( V> 

i=-l,0,l 

1_I I 

< | V^a[-H[ 6[ i | a| \ || V/ l a|| p (high vertical frequencies). 

L h( B v) H 2 # 3 



Using the similar argument to that in the proof of (|4.15p . we get 



Similarly, we have 



From (|4.9|) . we have 



|<| < ^HVHIw + CiCa^HHallw). (4.20) 



R] = -(A«( Y, 2-'Ardiv h a ft ftAKU6)|A«a) xa , 
«>i+0'-JVo)+ 

2 = — 1,0,1 

and using the similar argument to that in the proof of (|4.20|) . we obtain 

W<^l|V fc o[|^ + C a (o,6KN«). 

S^ep 5. The estimate of (Tv&a|a)^. Using similar arguments to that in the proof of Steps 3-4, 
we get 

(T Vb a\a)n<^\\V h a\\^ + C(a,b)fi(\\a\\ 2 n ). 

This proves Lemma l4.2i □ 

Then, we will prove that 5 G L^?(7^) and V^J G (H) in the following lemma. 
Lemma 4.3. We fcawe 5 G L^(H) and V h 5 G L\ x (H). 

Proof. Since 5 G we only need to prove that SgJ G L^(£ 2 ) and V A Sg<5 G L\{L 2 ). 

Let us write that Sq<5 is a solution (with initial value 0) of 



d t S v S - v h A h S v Q 6 - v 3 dlS v 5 = Y,9i~ VSgP, 
51 := -5S*(5 3 «l), 



i=l 

with 



92 :=-S%div h ( Ul (Id-S v )6 h ), 
g 3 := -SgdivACmSg^), 
ff4 := S v d 3 (ul5), 

55 :=-Sgdiv h (tx$(Jd-Sg)*), 
56 := -S v div h (4S v 5). 
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Using Lemmas 12.11 and 13.21 we have 



j<-i 



< ^2^,,--2-ip|| B0 ,, (Ti) ||n 1 |L^ 



i 



j<-1 L»-'(L 2 *(B?)) 



i 



< ^m^ M^ h . (4.2i) 



Similarly, we have 



J4l4(i a) <«' )i *|i|l B o,J fr JWLj er ^ i • (4-22) 



By (|4.5p and Young's inequality, we obtain 

||(w-ss)*|| * < Eii a ?h 

7- ZD / r »— 1 / rOW ' * J 



2p 



1— i i 

^II a ^IIl ? {(^(^)) i|a ^ V/i(5|I ^ 1 (^(^)) 

i>o 1 1 



< ^¥\\ B , hTi y 



Then, we have 
with 



g 2 = div h g 2 and g 5 = div h g 5 , (4.23) 

I|32||l2 (L 2) <^ 2P ||5|| 0i l ||«l|L 2p i , 

' W Lf =x {L*'(B2)) 

The terms 53 and #6 must be treated with a commutator argument based on the following 
estimate, which is proved in Lemma 4.3 of [3]: Let x be a function of <S(M). A constant C exists 
such that, for any function a in L^(L£°), we have 

||[x(£x 3 );S >|| i2 < Ce^\\a\\ Ll{L ^. (4.24) 



Now let us choose x £ T>(M) with value 1 near and let us state 

s o,s a '■= X(£X3)Sq(1. 
Using a classical L 2 energy estimate and Young's inequality, we have 

\W(t)\\h + "h [ t \\V h S v 0i£ 6(s)\\l*ds + 2v 3 f \\d 3 S v 0>£ S(s)\\hds 
Jo Jo 



< 



* \\Sl £ 5(s)\\ L , (\\ 9l (s)\\ L i + \\g,(s)\\ L2 ) ds + - f (\\g 2 (s)\\h + \\& (*)[&) ds 

v h JO 
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x(ex 3 )(g 3 + g 6 )(s)Sl £ 5(s)dxds + u 3 e 2 [ \\ X '(ex 3 )S v S(s)\\ 2 L2 ds. 

'0 JR 3 JO 




By the definition of g 3 , we have 



with 



f [ x(£x 3 )g 3 (s)S% e 6(s)dxds = [ D x {s)d8 + [ D 2 (s)ds, 
Jo Jr 3 jo jo 

Di := [ [ X (ex 3 );S v ]( Ul S v 5 h ) - V h S v Jdx, 

JR 3 

D 2 := / S v ( Ul S%J h ) ■ V h S v 0£ 5dx. 
Jr 3 

From Lemma 12.41 (|4.5p . (|4.24p . Holder's inequality and Young's inequality, we obtain 



i 



o 



\D2\ < hi\\ LlP(Loa) \\S v 0>£ 6\\ 2, \\V h Sl £ 5\\ L 2 

1 1 111 



lP(LT) \\si £ 5\\~^\\v h s^ £ 5\\ L ^ 



< MM, 

-P+l _2£_ 

< ^IIV^qVII^ +c^- 1 ||«i||^ go) ||5 Q v' l ll! 2 



and 
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x{£x 3 )g 3 {s)SQ £ 5{s)dxds 

Vh \\X7.QV £l|2 i /"f„ -1 ~F,.||„.. I|2 



< ^\N h Si £ 5\\l 2 2) + Cv; ~e\\ Ul f^ , \\S v 8f , 



7 /( 

Similarly, we have 



P+l /•* 2p 



o 



x(e»3)56(s)«S'o,e^( s ) da:ds 



p+l ft 2p 



11^11^)11^^11^^. (4.26) 
From gSH) - ^SP , (l4T25|) - (|4T26ll and LemmaOLl we have, t G [0,2].], 
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< C Uh (l +e)C 1 4 2 (T 1 ) + C Vh J* (l + IHlf^ + IkllS 

+ U 3 E 2 /"*H-^ MI2 HO«X/„Ml2 



if (iS°) 







Ix'CeaJsJIIig IWMIIia^oo)^ 



< c^Ci + E^mj + c^ / i + ||m 



_2p_ 
I P-1 



+ \\ u 2 



2p 
p-l 
r 2p 



if (£g°) 



+C^eTiCf 2 (Ti), 



where Ci2(Ti) = 



Bo 



T'2 



(Ti) 



+ |M| -i+I.i + 



p'2 



and Lemma 12.31 we obtain, f G [0, Ti] 



(Ti) 



I 1 . Using Gronwall's inequality 

B ' 2 (Ti ) 



2p 



llSo^WII^+fft / \\V h SlAs)\\hds 
Jo 

< {C Vh {\ + e)CUTi) + CussncUTi)) exp{C^(T a + C^^))}. 

Passing to the limit when e tends to allows to conclude the proof of this lemma. □ 
Conclusion of the proof of the uniqueness. From Lemmas I4.2H4.31 we have 

\\S(t)f n < f f(sM\6(s)\\ 2 H)ds, t€[0,ri]. 

JO 

with/(i) := C(5(t), Ul (t))+C(5(t),u 2 (t)). LemmaEJand l[Oj> - lfO)l imply that / G ^([O.Ti]). 
Then, the uniqueness on [0, T\\ follows from the Osgood Lemma (see for instance [7]). Since 

u G C([0, T\; B p p 2 ), one can easily obtain the uniqueness of the solution u on [0, T]. □ 



5 Continuous dependence 

Proof of (jl.5|) . Here, we give a sketch proof of (jl.5 
From (|4.5p . we have 



1- 

|a|| i$ l|a|| L 2 



(5.1) 



Similar to (|4.2p . we obtain 



5 t - i/ ft A ft 5 - v 3 dlS = -5 ■ V-ui -U2-V5- VP, 
div<5 = 0, 

6\t=o = S := u 02 - uoi, 



(5.2) 



where 5 := u 2 — u\. By the L 2 energy estimate, (15. li and the Cauchy-Schwarz inequality, we 
have, for p > 2 



eft 
< 2 



\ 2 L2 +2v h \\V h 5\\ 2 L2 +2v 3 \\d 3 8\\ 2 L2 



(<5(g>«l) : VtfeZx 

3 

< C||V5|| L2 



+ 2 



(«2 ® <>) : VcWx 
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< 



C||V5|| x2 p||^-||V^||| 2 (||«i|| L * (Loo) + ||U2|| 



1% (L°°) 



< CIIV5L/ 



L 2 \\v\\ L 2 



L 2 h p (L°°) + W U2 WlI p (L°°) 



p+i 



< VhWWh + v 3 \\d 3 5\\ 2 L2 + C(v h p " 1 + v, 
Then, we have 



p+i 



" 1 - "3^)11* E 

\i=\ 



U 



_2p_ 



A _p+i p+i 

^IHll 2 <c(^- 1 +^ 3 - 1 



2 

I? 



E 



2p \ 

\uj\\ P 2^, , , p > 2. 

1 lll L 2 h p (L°°) 



Using Gronwall's inequality and Lemma 12.31 we obtain, for p > 2, 



p+i p+i rT / 2 
|2 ^ 1 1 jc_ ||2 „,.„ J ril,, p- 1 i p-i 



|£ 2 < ||5 ||£ 2 exp CK p -' + 



< H-^ollia exp < 



p+i 



/n 

p+i 



' 2 



2p 
p-1 



c^ 1 K p - 1 +^- 1 ) E 



-,,2 1 
" 1+ p>2 



vi=l 



This finishes the proof of (II. 5j) and Theorem 11.11 



□ 



6 Proof of Proposition 11.11 

Prom Lemmas 12.11 and 12. 5^ we have 

,| A fc A « n || </ d fc ,,i/~«2<W> fc 2-5[|a|| 1+f ,i, farfc>Z-l, 

ll A fc A i a^lli' (4(1,2)) <; < B p p ^ (6.1) 

^ 0, else, 
where 1 < q < oo and p E [2, 4]. Then, we obtain, 

ll A jfca^|| L9 ( K+;i 4( L oc)) < v h q c k 2 K i z>\\a\\ for g€[l,oo]. (6.2) 



p 



Using Bony's decomposition in the vertical variable, we obtain 

A](a F d 3 a F ) = J2 A](S],_ 1 a 3 F d 3 A v j ,a F )+ £ AJ(AJ,4d 3 SJ, +2 a F ). 
|i-i'|<5 j'>j-N 

The two terms of the above sum are estimated exactly along the same lines. Using Bony's 
decomposition in the horizontal variable, we obtain 

S^^apdsA^ap = E {Sk-iS]^ia F d 3 A h k A v jiaF + A^,_ 1 a|^j^ +2 A^a J r} . 

k>j'-N 

Using Holder's inequality, Young's inequality, Lemma I2TT1 and (|6.ip - (|6.2p . we get 

1 1 Sk- 1 s j ' - 1 a F ^3 A k A V j, a F 1 1 L i (L 2 (K 3 ) ) 
< l|5fc_i5 , J,_ 1 a^|| L ^ (L 4 (i ^) ) ||<9 3 A^AJ,aF|| L i i(i 4 (i 2)) 
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< 



Cfc/2* [|o|| _ 1+ ^ t id k j,u h l 22 2 2 fc || a 



k'<k-2 



-1+ 



P'2 



^ c fc 22||a| 



i cL x 2 2 2 2 fc ||a| 



.Dp 



1-1-2 1 

.Dp 



< c fc d fc)i /^ 1 2^2 fc | 



1 1 A fc -SJ' - 1 a F ^3 <St+2 A^, 1 1 l i t ( L 2 ( R3 ) ) 

< l|Afc5'J,_ 1 ap|| L ^ (L 4 (L ^ )) ||53S'fc +2 AJ,aF|| L ^( L 4 (L 2) ) 

< q fe i/^ -1 2~2*[|a|| -1+1,1 Y 4',j'2^2T||a 



2 1 

R ' P'* ' ' ~ R P ' 2" 



< Cfc^^ 2 fc || a || _ 1+ 2 i4j/2 2 22||a 



P'2 11 " R - J -- f -p>3 



< Ckd k jv h V* 2 fc | 



all 2 



"p'2 



and 



1 1 SJ/ _ ! a F <9 3 AJ, a F \ \ L x, (p (rs ) ) 
£ Ckd Kj >v h 1 2 1 2 2- k \\a\\ u 

R P'" 

k>j'-N a P 



< d,/2 2 i/ L i ||a 

Thus, we can easily obtain 

||AJ(a|9 3 aF)ILi,(L2(iK3)) 



2 Vu a 



■ TT / , /l I I I I — 1+ ^ , ~ 

. p . 5 z / P 2 



2 1 



.-l||„l|2 



< cL2 2zy, on ,,2 i 
and 

oo 



^2§ / HAJCo^o^ll^ajdt^i/^Hall 2 . 
jez ^° b p 



Using the similar argument, we can easily estimate the term ^ 22 J* °° ||AJ(a^, • V^di?)^, an d 
finish the proof of Proposition 11.11 □ 



7 Proof of Proposition 11.21 

Using methods in [11 [3], we can prove Proposition 11.21 as follows. 

We shall start by estimating the high frequencies. Defining a threshold fcp > to be deter- 
mined later on, we have 

oo 

2- CTfc ||A^ £ || L9(R2) < C2- CTfc °||0 £ || w(R2) = C2-^||^|| L9(R2) 

k=ko 
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On the other hand, noting that e'^ = (— ied\) (e l * ), we get, for any N G 

N 



A h k cj )£ = (ie) N 2 2k J2 / C l N e iy ^d l Xl (g(2 k (x h -y h )))d?- l <p(y h )dy h , 
1=0 Jm2 

where g(xh) G 5(M 2 ) satisfying Fg^h) = 9?(|£/i|)- Young's inequality enables us to infer that 

(N N \ 

1=0 1=0 J 

So, choosing N large enough, we obtain 

E 2-° k \\A h k cP £ \\ Lq <C lt> 2 kiN - a) e N < C^ N -^e N 

0<k<k 0<k<k 

and 

fc<-l fe<-l 



Choosing the best ko, we have 

Similarly, since a < 2(1 — -), we obtain 



ells"- < C <P e ° '■ 



E 2- Qfc ||A^ £ || i9 < E C^V^H)-) < <V 



jV fc(2(l-i)-a) ^ n ^N 

k<-\ k<-l 

and 

||^Hb- ? <c^ c 

From (1.1) in [2] (or Definition 1.1 in [3]), we have 



r> — <7 



tf||e^/|| 



Li 



• t > 



and 



»e\\ B -° — SU P^ \\e tAh 4>e\\Li > Ce a \\e e Ah (p £ \\Li, cr > 0. 



For any function g satisfying suppg G e C^, we have 

[|*-V &|a $)llw < C\\g\\ Lq . 



Since the support of T$e is included in e 1 Cf l for some ring Ch, applied with g = e £2A 4> £ , this 
inequality gives 

WMi* <C\\e £2A £ \\ L , and U £ \\ B -« > CrV^Hi*. 



From (|1.6p . we have 

\\4>e,F'A,F'\\L 2 (R 2 )dt 



< ! / ||<k F >\\ 2 T4dt ) 2 ( [ U £ F ,\\ 2 T4 dt 



';../■'' I! L !< " I \ I We,F>\\ L 4<- 
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1 1 

2 / \ 2 



I poo \ I poo 

Mjf He^^^lli**) (y ii^E^ii 2 ^ 

fc>0 fc>0 
fc>0 ' A;>0 

This concludes the proof of Proposition 11.21 □ 

8 An imbedding result 

Proof of Proposition [L3l It is easy to obtain that B^ 2 C BMO' 1 C B^ >0O = C~ x , (See 0). 

-1+-,- 

Thus, we only need to prove that B p p ' 2 C B^ 2 . From Lemma I2TT1 and Young's inequality, 
we have 

EV^iiA^ui- 

gez 

= E^E^E A^Afn + ^Afn)!!^ 
<?ez lez k>l-i 

<EE E 2- 2 lA 9 A^Af.||| 00+ ^ £ 2-^||A^_ 1 A>||| 00 

gSZ i<g+Af |k-?|<iVo <?G Z l>q-N 

<EE E 2_292/2f iK a hiV 5) +E E 2-^2 3 'n^ 1 Arn||| 2 

g€Z Kg+JV |fc-g|<jV q&l>q-N 



2 



I I ll U H -1+2. A 



< EE E 2 ~ 29+2 %+E E 2 "^ 

\geZ l<q+N \k-q\<N q€Z l>q-N 

< M 2 _ 1+ ai, p>2. 

Then, we finish the proof of Proposition 11.31 □ 
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